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Verifying the proof of Bernstein’s theorem

By using the software, Isabelle
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Abstract: Bernstein's theorem is a theorem of Set Theory. Isabelle is software to help user to proof propositions of mathematics, and

it is one of generic proof assistants. Isabelle contains a part of Mathematical theorems, and a method of proving propositions in

Isabelle is a combination of the theorems made by using commands. The purpose of this article is to show how the proof of

Bernstein's theorem is verified with Isabelle.
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lemma Simple_example:"[A € B; x € A] = x € B"
apply (rule subsetD[of A B x], assumption+)

done
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Figure 1. Formalization of Bernstein’s theorem

lemma Bernstein : "[3f.f € A—> B Ainj_onf A;3g.g € B - A A inj_ong A] = 3h.h:A—> B Abij_to f A B"

Figure 2. Part of the proof check

(* Formalizing the proposition of (1) *)

consts Cset :: "['a = 'b,'b = 'a,’a set,’'b set,nat] = 'a set"

primrec
Cset_0:"Cset f gABO0O=A—-g B"
(* Formalizing the set C,,4 by using the set C,, *)

(* Defing the set C,, recursively *)

(* Formalizing the set Cy *)

Cset_Suc:"Cset f g AB (Sucn)=(cmpgf) Cset f g ABn"

(* Formalizing the proposition of (2) *)
constdefs (* Defining the set € non-recursively *)

Cset_Union :: "['a ='b,'b = 'a,’'a set,'b set] = 'a set"

"Cset_Union f g A B=={x.An€eN.x€C(Cset f g A B n}"

(* Formalizing the proposition of (3) *)

constdefs (* Defining h_func non-recursively *)

h_func :: "['a="'b,'b = 'a,’a set,’b set] = (‘a = 'b)" (* Defining the type *)

(* Formalizing h_func*)
"h_func f g A B== Ax. if x € A then

(* Defining the type *)
(1)’
2 !
(* Defining the type *) @)
(* Formalizing the set C *)
3)

(if x € Cset_Union f g A Bthen f(x) else (invfun g B A) (x)) else undefined"

(* The following program proves the proposition, C, S C *)

lemma Cset_in C : "Cset f g A B nC Cset_Union f g A B"

apply (simp only: Cset_Union_def)

apply (rule subsetl, rule Collectl)

apply (rule_tac x = nin bexl, assumption)
apply (rule n_in_Nset)

done
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