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Fixed point theorems for nonexpansive mappings
in a vector lattice
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1 Topology in a vector lattice

First we introduce a topology in a vector lattice introduced by [2]; see also [4, 5].

Let X be a vector lattice. e € X is said to be an unit if e A z > 0 for any x € X with z > 0. Let Kx
be the class of units of X. In case where X is the set of real numbers R, g is the set of positive real
numbers. Let X be a vector lattice with unit and let Y be a subset of X. Y is said to be open if for any
z € Y and for any e € Kx there exists ¢ € Kr such that [z — ce,z + ce] C Y. Let Ox be the class of
open subsets of X.

A vector lattice is said to be Archimedean if it holds that = 0 whenever there exists y € X with
y > 0 such that 0 < rx < y for any r € Kg.

Let X be an Archimedean vector lattice. Then there exists a positive homomorphism f from X into
R, that is, f satisfies the following conditions:

(H1) f(az+ By) = af(z)+ Bf(y) for any x,y € X and for any «, 3 € R;
(H2) f(x) >0 for any = € X with z > 0;

see [5]*Example 3.1. Suppose that there exists a homomorphism f from X into R satisfying the following
condition instead of (H2):

(H2)* f(x) > 0 for any x € X with z > 0.

2 Fixed point theorem for a nonexpansive mapping

Let X be a vector lattice and Y a subset of X. A mapping f from Y into Y is said to be nonexpansive
if |f(z) — f(y)] < |z —y| for any z,y € Y. In this section we consider a fixed point theorem for a
nonexpansive mapping.

Let X be a Hausdorff Archimedean vector lattice with unit and Y a subset of X. We say that Y has
the normal structure if for any compact convex subset K, which contains two points at least, of Y there

exists ¢ € K such that
Vie—y< V lz-yl
yeEK z,yeK

Theorem 2.1. Let X be a Hausdorff Archimedean vector lattice with unit and K a non-empty compact
convex subset of X. Suppose that K has the normal structure. Then every nonexpansive mapping from
K into K has a fized point.

3 Fixed point theorem for the commutative family of nonexpansive mappings
For any nonexpansive mapping f from K into K let Fi (f) be the set of fixed points of f.

Theorem 3.1. Let X be a Hausdorff Archimedean vector lattice with unit, K a compact convex subset
of X and {f; | i =1,--- ,n} the finite commutative family of nonexpansive mappings from K into K.
Suppose that there exists a homomorphism from X into R satisfying condition (H2)® and K has the
normal structure. Then (i, Fx (f;) is non-empty.

Theorem 3.2. Let X be a Hausdorff Archimedean vector lattice with unit, K a compact convex subset
of X and {f; | i € I} the commutative family of nonexpansive mappings from K into K. Suppose that
there exists a homomorphism from X into R satisfying condition (H2)® and K has the normal structure.
Then ;e F (fi) is non-empty.
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