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Local-Global Studies on Mixed Abelian Groups 11X

Takeshi Yasuda *

We intend to give two examples about C-representations of mixed groups, which make their
structures clear and drive the local-global properties on p-basic subgroups of those.

First, let C' = (% : p € P) be a rational group and B, = <d(()p), [d,(lp) a,(,p)> a p-mixed

]qu’
group defined as follows : it is generated by elements d(()p ), d((]p ) (Vg € P), a](,p ) such that qdép ) =
d(()p),pal(,p) =0. Then B, = C, ® A, with C, = (d((fg)7 [dép)]qep> and A, = (a,(,p)>. And (Byp, kp)
is a (C, kp)-p-mixed group, where £, is an isomorphism from C onto B,/A, acting via
T=st+Dcicr b s(d(()p)—l—Ap)—i—ElSig ri(dP + A)) (n= [licicrpirs €Z,0 <1 <p;i).
Next, to construct a mixed group B; such that the p-localization By, of By is isomorphic to B,
for any p, we refer to [1, Vol. II, Example 2, p.186]. Define A; = @pep(a,) with o(a,) = p, then
Ay is the torsion part of [[ cp(ap). Consider by = (a2, as,as,...,ap, ) € [[cplap). Forp #gq,
the equation gz = a, is uniquely solvable in (a,), thus Hp cp(ap) contains unique elements b, (p €
P) such that pb, = (az,as,,...,aq,0,aq,-+) = by — ap. Put By = (A1,ba,b3,b5,...,bp, ")
in Hp€P<a'p> and E = b, + Ay for any p, then A; is the torsion part of By and Bi/A; =
(ba, b3, bs, ..., by, ) is a torsion-free group. For every % € C, the correspondence % — b,
induces an isomorphism r; from C onto Bi/A;. From Aj, = @,x4ep(ay), it follows that
By, = Bi/A5, = (ap + Af,, by + A5, b3 + A, ... by + AT, - -). Since the torsion part A;), =
A1/A3, = (ap + A7,) of By, is a bounded group, By, splits, i.e., By, = C1, & Ayp, where
Cip = (bo — ap + A%, [bg — ap(g) + A7) ep) with relations a,) = 0, qa,) = ap for certain
ap(q) € (ap). However By does not split. Then (B1y, Ripk1) is a (C, Ripk1)-p-mixed group, where
R1p is the canonical isomorphism from B;/A; onto Bl/ATp/Al/ATp. And with any elements

bo —ap+ A3, by — ap) + A7, (q € P),a,+ A7, of By, we associate elements d(()p)7 dff’) (g e P), aﬁf’)

of By, respectively. This association gives rise to a C-isomorphism pi, from (Bilp, Ripk1) onto
(Bp, kp) for any p.

Similarly, we construct another mixed group B such that the p-localization Bs, of By is
isomorphic to B, for any p. Let By = B;1/A; & A; be the external direct sum, and ps :
Ay — Bj an injection acting via a — (0,a) (a € A;). Then the torsion part As of By can be
decomposed as the internal direct sum Ay = Bpep Aoy (A2p = p2({ap))). For every 1% € C, the
correspondence 1% — (E, 0) + A, induces an isomorphism ko from C onto Ba/A5. Also , for any
p, put A§p = @prqepAag, Bop = Bg/Azp7 and let g, be the canonical isomorphism from Ba/As
onto BQ/ASP/AQ/AEP. Then (Bay, Fapka) is a (C, Rzpka)-p-mixed group. And with any elements
(bo,0)+ A3, (bg, 0)+ A3, (q € P), p2a,+ A, of By, we associate elements d(()p)7 dflp) (g € P), a,(,p)
of B, respectively. This association gives rise to a C-isomorphism pg, from (Bs,, Rzpk2) onto

(Byp, kp) for any p. Therefore, (Bip, Fipk1) and (Bay, Rapka) are C-isomorphic.
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Thereafter we consider C-representations of By and Bs.

Take a representative g1 () = sbo + >2; ;< Tibp, of the coset w1 (), if Tt =s+3 <77
for 7+ € C. Further put gi,(°}) = g1,(5) + Al,,
to Fipr1 and the following holds p1,1, (2) = sd(()p) + D 1<i<t rid,(,f) + sa(p) + D <igk<r rlaé,)
(p= pk,;pial()f) = a,(, )7(1,(5) <a1(, )> ). The g1, = p1pg1p becomes a C-function from C' to

B, relative to k,, which yields the factor set fi, on C' to A, as follows : flp( ”) =

n’’ n'
g 7 : +
fip (8’ + X<zt %7 s+ X i<i<r %) = _5kaz(};k) (0 <1, i <pi; p=Dpk, Ok = {kT:kD .
Similarly, take a representative ga(2) = s(bo,0) + doi<i<r 7i(bp,,0) of the coset rp(2), if
=8+ 2i<icr - for T € C. Further put g2,(5) = g2p(5) + A3, then g3, is a C-function

n

then g, is a C-function from C' to By, relative

from C to ng relatlve to Rapke and the following holds p2,92, (;) = sd(()p) + D i<i<r T‘idz(f;).
The g2, = p2pg2p becomes a C-function from C to B, relative to &, which yields the factor set
fop on C to A, as follows : fa, (%, ’:—,',') =0,

Next put C = (C, [(Bp,ﬁp)]pep)7 B =[],ep Bp: A = @pepAp, and let p1, be a coordinate
injection from A, into A acting via a, — (0,---,0,a,,0,---). In B, take gi"(%) = (glp(%))peP’
g5 () = (ggp(%))p cp» then we can construct the mixed groups B, Bf generated by adjoin-
ing [gf(%)] mee [g;(%)] meo O A respectively, and shall write B = <A, [gf(%)] ﬂ€C>,
By = <A, [g;(%)]mec>. Here B, Bj are isomorphic to By, By respectively, and By =
B(C, [g1p(™)] %eC,peP)’ By = B(C, [92p ()] %GC,peP) are C-representations of By, Bs with
respect to C-functions, respectively.

On the other hand, we construct a group B; as the set of all pairs (%,a)l € C x A with
the operation (%a a’)l + (’;Z,,,',a”)l = (% + 0 Lal (T ey T ))1 , where fi is a factor

7 7

n’ n” ) = ZpEP ,Ufpflp (3/ + Zlgigl %7 s’ + Zlgig[ %> _

Y oi<k<i Mo ( Ora pk)) . Similarly, we construct a group B as the set of all pairs (%, a)2 € Cx

A with the operation (ﬁ a’) + (M a") = (i + 2 a +a + fo (’”/ ’””)) , where fy is a
2 2 2

n’ '’ n’ n’ )t

set on C to A as follows : fi (

n'
/ ’ "

factor set on C to A as follows : fo (n/ N ) = pep Mo f2p (%7 %) =2 pcp 11,0P) = 0. Here

1"

By, B; are isomorphic to By, By respectively, and By = B(C, [flp ( o )} o )

Y )
n'’n "
T T eC,peP

B; = B(C, [fzp ( - n”)} L e P) are C-representations of By, By with respect to factor
%7:/// €C,pe

sets, respectively.

Finally, we wish to apply this method to the study of p-basic subgroups.

Now, By, = <d,(,p)> < (p)> is a p-basic subgroup of B, and B, = <dz(f)> is a p-basic subgroup
of B, for p # ¢ € P. With H_l(dé) + A4, = 5 € C and a C-function g4, the following holds
ral1) = ) g1q() = 9 — (& +al?) =~ for amy 4 ) (pef? = a9 € (a0,
which shows that there does not exist a global p-basic subgroup By, of By such that (Bi,), =
(Blp+ATp)/ATp = pl_pl(BPP) = <bp + A’f > <ap + A* > (Blp)q = (BlpJFATq)/ATq = pl_ql(BPQ) =
(b — aq(p) + A},). However, since hgq(ll)) d(q) —g2 q( )= dz(,q)—d,(f) = 0 for any ¢, there exists a
global p-basic subgroup By, of By such that (Bap), = py, Y (Bpp) = {(bp, 0) + A3, ) D poa, + A3,),
(Bap)g = pzq (Bpg) = ((bp,0) + A3,).
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