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First, let p1 = 2, p2 = 3, . . . be a listing of the prime numbers in increasing order, and ⟨apim⟩
a cyclic group of order p2m+1

i (m = 0, 1, 2, . . .). And let A be the direct sum of groups Api =

⊕∞
m=0⟨apim⟩, one for each i (i ∈ N), i.e., A = ⊕i∈NApi . Also define C by the direct sum

of rational groups Cj = ⟨ 1
pk
i

for all i, k ∈ N⟩ of type t(Cj) = (∞, . . . ,∞, . . .), one for each j

(j = 1, . . . , n), i. e., C = ⊕j=1,...,nCj , Cj = Q. Then any element
mj

nj
of Cj can be written in

the form
mj

nj
= sj +

∑
1≤i≤Ij

rji

p
αji
i

, where nj =
∏

1≤i≤Ij
p
αji

i (0 ≤ αji), mj , sj , rji ∈ Z,

0 ≤ rji < p
αji

i , pi - rji if rji ̸= 0.

The aim of our study is to give extensions B,Bχ of A by C such that they are not isomorphic,

but Bpl
= B/A∗

pl
, Bχpl

= Bχ/A
∗
pl

are isomorphic and nonsplitting for any pl, where A∗
pl

=

⊕l ̸=i∈NApi . Further, we obtain C-representations of B,Bχ to find out their structures.

Now, we shall construct a mixed group Bχ mentioned above. In Bpi =
∏∞

m=0⟨apim⟩, the ele-

ments ajpi0 = (χiapi0, ϵj1piapi1, ϵj2p
2
i api2, ϵj3p

3
i api3, . . .), ajpik = (0, . . . , 0, ϵjkapik, ϵjk+1piapik+1,

ϵjk+2p
2
i apik+2, ϵjk+3p

3
i apik+3, . . .) (k ∈ N) are of infinite order and satisfy pi - ajpi0, piajpi1 −

ajpi0 = −χiapi0, piajpik+1 − ajpik = −ϵjkapik, where χi ∈ N, 1 ≤ χi < pi; ϵjk = 0 if k ≡ j

(mod n) or ϵjk = 1 if k ̸≡ j (mod n). For i ̸= l, the equations pki x = χlapl0, pki x =

ϵjmpml aplm(m ∈ N) are uniquely solvable in ⟨χlapl0⟩, ⟨ϵjmpml aplm⟩, respectively.
Thus

∏
i∈N Bpi contains unique elements b

(χ)
j0 , b

(χ)

jpk
i

(i, k ∈ N, j = 1, . . . , n) so as to satisfy

pib
(χ)
jpi

= b
(χ)
j0 −χiapi0, pib

(χ)

jpk+1
i

= b
(χ)

jpk
i

−ϵjkapik, where χ = (χi)i∈N. PutBχ = ⟨A, b
(χ)
j0 , b

(χ)

jpk
i

for i, k ∈ N,

j = 1, . . . , n⟩ in
∏

i∈N Bpi , then it follows that Bχpl
= Bχ/A

∗
pl

= ⟨aplm+A∗
pl
, b

(χ)
j0 +(1−χl)apl0+

A∗
pl
, b

(χ)

jpk
l

+A∗
pl
, b

(χ)

jpk
i

+uikapl0+A∗
pl
, for l ̸= i i, k ∈ N,m = 0, 1, 2, . . . ; j = 1, . . . , n⟩ with relations

pki uik ≡ (1− χl) (mod pl) if l ̸= i for certain uik ∈ Z, 0 ≤ uik < pl.

In the case of χi = 1 for any i ∈ N, we have B = ⟨A, bj0, bjpk
i
for i, k ∈ N, j = 1, . . . , n⟩, where

pibjpi = bj0 − api0, pibjpk+1
i

= bjpk
i
− ϵjkapik (k ∈ N).

With any elements aplm+A∗
pl
, bj0+A∗

pl
, bjpk

l
+A∗

pl
, bjpk

i
+A∗

pl
(l ̸= i, i, k ∈ N,m = 0, 1, 2, . . . ; j =

1, . . . , n) of Bpl
= B/A∗

pl
, we associate elements aplm + A∗

pl
, b

(χ)
j0 + (1 − χl)apl0 + A∗

pl
, b

(χ)

jpk
l

+

A∗
pl
, b

(χ)

jpk
i

+uikapl0 +A∗
pl

(l ̸= i, i, k ∈ N,m = 0, 1, 2, . . . ; j = 1, . . . , n) of Bχpl
, respectively. This

association gives rise to an isomorphism φχpl
from Bpl

onto Bχpl
for any pl.

Next, define a pl-mixed group B(pl) in terms of generators and defining relations as follows :

It is generated by elements a
(l)
plm, d

(l)
j0 , d

(l)

jpi
k (i, k ∈ N,m = 0, 1, 2, . . . ; j = 1, . . . , n) such that

p2m+1
l a

(l)
plm = 0(l), pld

(l)
jpl

= d
(l)
j0 − a

(l)
pl0

, pld
(l)

jpl
k+1 = d

(l)

jpl
k − ϵjka

(l)
plk

, pid
(l)
jpi

= d
(l)
j0 , pid

(l)

jpi
k+1 =

d
(l)

jpi
k (l ̸= i, i, k ∈ N).

Then A(pl) = ⟨a(l)plm for m = 0, 1, 2, . . .⟩ is the torsion part of B(pl). And the correspondence
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∑
j=1,...,n τj(sj +

∑
1≤i≤Ij

rji

p
αji
i

) 7−→
∑

j=1,...,n

{
sj(d

(l)
j0 +A(pl)) +

∑
1≤i≤Ij

rji(d
(l)

jpi
αji +A(pl))

}
induces an isomorphism κ(pl) from C onto B(pl)/A(pl), where the coordinate injection τj :

mj

nj
7−→

(0, . . . , 0,
mj

nj
, 0, . . . , 0) ∈ C.

With any elements a
(l)
plm, b

(l)
j0 , b

(l)

jpk
i

(i, k ∈ N,m = 0, 1, 2, . . . ; j = 1, . . . , n) of B(pl), we associate

elements aplm +A∗
pl
, bj0 +A∗

pl
, bjpk

i
+A∗

pl
, (i, k ∈ N,m = 0, 1, 2, . . . ; j = 1, . . . , n) of Bpl

, respec-

tively. This association gives rise to an isomorphism ρpl
from B(pl) onto Bpl

for any pl. Then

the composite mapping ρχpl
= φχpl

ρpl
becomes an isomorphism from B(pl) onto Bχpl

for any pl.

Thereafter, we consider C-representations of B,Bχ. For u =
∑

j=1,...,n τj(sj+
∑

1≤i≤Ij

rji

p
αji
i

) ∈

C, choose a representative gχ(u) =
∑

j=1,...,n(sjb
(χ)
j0 +

∑
1≤i≤Ij

rjib
(χ)

jp
αji
i

) ∈ C of the coset

κχ(u) = gχ(u) + A. Further put gχpl
(u) = gχ(u) + A∗

pl
, then the following holds ρ−1

χpl
gχpl

(u) =∑
j=1,...,n(sjd

(l)
j0 +

∑
1≤i≤Ij

rjid
(l)

jp
αji
i

)−
∑

j=1,...,n

(
sj(1−χl)+

∑
l ̸=i,1≤i≤Ij

rjiuiαji

)
a
(l)
pl0

. The func-

tion g
(pl)
χ = ρ−1

χpl
gχpl

becomes a representative function from C to B(pl) relative to κ(pl), which

yields the factor set f
(pl)
χ on C toA(pl) as follows : f

(pl)
χ (u, v) =

∑
j=1,...,n f

(pl)
χ

(
τj
( rjl′
p
αjl′
l

)
, τj

( rjl′′
p
αjl′′
l

))
for u′ =

∑
j=1,...,n τj(s

′
j +

∑
1≤i≤Ij

rji′
p
αji′
i

) ∈ C and u′′ =
∑

j=1,...,n τj(s
′′
j +

∑
1≤i≤Ij

rji′′
p
αji′′
i

) ∈ C.

We distinguish two cases. Case I : αjl′ ≠ αjl′′, i.e., αjl′ > αjl′′ without loss of generality.

f
(pl)
χ

(
τj
( rjl′
p
αjl′
l

)
, τj

( rjl′′
p
αjl′′
l

))
= −∆jlχla

(l)
pl0

−
∑αjl′′−1

k=1 ϵjk∆jlp
k
l a

(l)
plk

−
∑αji′−1

k=αji′′ ϵjkp
k−αji′′
l (∆jlp

αjl′′
l −

rjl′′)a(l)plk
, where ∆jl =

[
p
αjl′−αjl′′
l rjl′′+rjl′

p
αjl′
l

]
with Gauss’ symbol. Case II : αjl = αjl′ = αjl′′.

f
(pl)
χ

(
τj
( rjl′
p
αjl′
l

)
, τj

( rjl′′
p
αjl′′
l

))
= −∆jlχla

(l)
pl0

−
∑αjl−βjl−1

k=1 ϵjk∆jlp
k
l a

(l)
plk

−
∑αjl−1

k=αjl−βjl
ϵjkp

k
l (∆jl +

p
βjl−αjl

l r′′′jl )a
(l)
plk

, where ∆jl =

[
rjl′+rjl′′

p
αjl
l

]
, r′′′jl =

rjl

p
βjl
l

if p
βjl

l ∥rjl = rjl′+ rjl′′ −∆jlp
αjl

l .

Next, put C =
(
C,

[
(B(pl), κ(pl))

]
l∈N

)
, B(∗) =

∏
l∈N B(pl), A(∗) = ⊕l∈NA(pl), and let µpl

be

a coordinate injection from A(pl) into A(∗) acting via apl
7→ (0, · · · , 0, apl

, 0, · · · ). In B(∗), put

g+χ (u) =
(
g
(pl)
χ (u)

)
l∈N

∈
∏

l∈N B(pl), then we construct a mixed group B+
χ generated by adjoin-

ing
[
g+χ (u)

]
u∈C

to A(∗), and write B+
χ =

⟨
A(∗),

[
g+χ (u)

]
u∈C

⟩
. Here B+

χ is isomorphic to Bχ, and

B+
χ = B

(
C,

[
g
(pl)
χ (u)

]
u∈C,l∈N

)
is a C-representation of Bχ with respect to representative func-

tions. On the other hand, we construct a group B−
χ as the set of all pairs

(
u, a(∗)

)
χ
∈ C × A(∗)

with the operation
(
u′, a(∗)′

)
χ
+
(
u′′, a(∗)′′

)
χ
=

(
u′ + u′′, a(∗)′ + a(∗)′′ + f

(∗)
χ (u′, u′′)

)
χ
, where f

(∗)
χ

is a factor set on C to A(∗) as follows : f
(∗)
χ (u′, u′′) =

∑
l∈N µpl

f
(pl)
χ (u′, u′′). Here B−

χ is isomor-

phic to Bχ, and B−
χ = B

(
C,

[
f
(pl)
χ (u′, u′′)

]
u′,u′′∈C,l∈N

)
is a C-representation of Bχ with respect

to factor sets.

Also, we obtain C-representationsB+ = B
(
C,

[
g(pl)(u)

]
u∈C,l∈N

)
, B− = B

(
C,

[
f (pl)(u′, u′′)

]
u′,u′′∈C,l∈N

)
of B with respect to representative functions and factor sets, respectively, where g(pl)(u) =∑

j=1,...,n(sjd
(l)
j0 +

∑
1≤i≤Ij

rjid
(l)

jp
αji
i

) and f (pl)(u′, u′′) is equal to the result of f
(pl)
χ (u′, u′′) at the

case of χ = (1)i∈N mentioned above.

Finally, we wish to verify that B,Bχ are not isomorphic. Because, h
(pl)
χ (u) = g(pl)(u) −

g
(pl)
χ (u) =

∑
j=1,...,n

(
sj(1 − χl) +

∑
l ̸=i,1≤i≤Ij

rjiuiαji

)
a
(l)
pl0

implies that h
(pl)
χ (u) ̸= 0(l) for some

u ∈ C, except for at most many pl’s.

References

L.Fuchs. Infinite abelian groups, Vol. I, II, Academic Press, New York-London (1970, 1973).

平成 24年度　日本大学理工学部　学術講演会論文集

 1350


