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Approximations of irrational numbers by rationals

Oty I !

*Kono So

Abstract

In 1816, J. Farey defined a sequence of rational numbers which is the so-called Farey sequence to investigate
continued fractions. In 1891, A. Hurwitz applied Farey sequence to obtain Diophantine approximations of irrational
numbers by rational numbers. In this report, we introduce theorem of Hurwitz and give a brief sketch of the proof.
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2 The Theorem of Hurwitz

BHBEDIZEDITE WERBTH 3D, O ML
EHBEIZE - TEMT 2 AIKIZDOVWTERZ LS. UF
TR M W72 Farey #5]% W CREHI 15
Hurwitz D ZHENT 5.

DEFINITION 1 (7 7 l//fiﬂ(ﬁﬂ)

T7VAEIF, 120<"necZ Iz UDERn AT
vou£1u?@ﬁ@ﬁﬁﬁ%@f&ﬁ%émnﬁ&k
BHITH B,

WU FGZ

(=R R

PROPOﬂTK»J@)77V4ﬁﬂFh@20® ot
btﬁ%ac@ zﬂt?étm-m_lbmoia
()0 eER-Q0<recZ %z VEETS. +HKE%Hn
ST BT 7 LA B ER D L ) OTBHOHIA T,
DEEZBT r LD B REL

Wﬁﬂ%@%t%tomf

bc—ad=53-2-7=1

(m9:¥gﬁ0%m:3875&nz7ﬁﬁbf77
VARSI B R &

1_VT_2
4 10 7
EROARIEIEDEREVALATER ST WS,

LEMMA 1 77V A 83| F, OifkK L7~ 2 HEZ
a/b, c/d T B

a atc| 1 < 1
b b+d| bb+d) ~ bn+1)
o c_ate|l_ 1 < 1
d b+d db+d) — dn+1)
WY LD,
PROOF
a atc| lad—be 1 < 1
b b+d| bb+d)  bb+d) " bn+1)




TR 26 FE HAKRFEIFEH FMEBESHXE

2OHBEBRKIZLTRENSG. O

LEMMA 2 XD 2 DDOARERZ HRHZ G723 15 DR
z,y WEAFE LR

L1 (1 1
w5 (w)
1>]»(1+1) (1)
z@+y) VB \e?  (2+y)?)
PROOF ED%H 2,y BWEET 2 L0ET 5 & (1) 1%
0> a2+ y> —Vbay 2 0> (2—V5)(2® + zy) + 2
THH00, FHAREZMAT
{a? + 9y = Voay} + {2 = V5)(2® +ay) + ¢}
= (VB -1z -2

LoT
0> S{(V5~ D~ 27 (2)

(2) AL LA WO TEESREI N, O

THEOREM (Hurwitz) V0 € R — Q IZXf L, IRDA5E
A2z THEIE b/ kSRR EAAET 5.
h 1
’ k’<¢%?
ToIL3)DVEE B>V R TERTHE
ZEIETERVWILPRINS.

(3)
TWAD

PROOF 77 VABEYF, 25 2.0 D F, DL 7

2m 2. ¢ oIz %5&?5( ¢

b d <9<E)

ZiN=|

a-+c
1. 0 DB
~hrd

Lemma 2 X W AR 3 DDAREXNZ £ CHRHIW/-T Z

bl = @A AT

9_9_ 1 ,o_aJrc_ 1 E—QZ 1 '
b~ V/5b? b+d = 5(b+d)?2 d V5d2

a—+c

. DGE

2 9<b—|—d )=

FIRRIZLAT 3 DDOAEFERZFIRFICH 23 Z & idA:

9,2>4;L, ate oo 1 E,9>4i4
b VB b+d T Bb+d)2d T /Bd?

U7z Do TARENX (3) DffEh/k i a/b, c/d, (a+c)/(b+d)
DWINNTH 5. RIZ (3) D h/k IZIERBEGFET S
Zr 73_’/?3" Lemmal & ©

9_7 ‘ ‘_ c atc at+c a
d b b+d b+d b
< 1 n 1 < 2
“dn+1) bn+1)  n+1
wihgm%cn%ﬁtjﬁz&ﬁjaakzlzo
1
2
Hotn> Ak TE5% ;
IS n>|9—h1/k1| iz L0 neBEADLL
h 2 hy
~ < - 2.
‘9 A_n+1<k ki

1296

[FBRIZ U T ho/ko, hg/ks, - & A % & REIRME DM S

S5ND. w&EIZ (3) @\f%ﬁ>\/§’i’?ﬁﬁf:@‘ﬁ§ﬁ'@?§%

WX ZEMTERVWILERES.
(x—0p)(x—0))=a®—x—1

Zii7z3 60y, 01 %

1+5 1-5
6o = 5 , 01 = >

LB 0k e Zk > 0) ISR LRI 57 Th 5

h h \? h
if:@lzeo—\fik)
h h hk k2 1
=MAREXNLD
1 h h
= __'k 0, {‘Ajoo 4\A3}. (4)
ITEEDIEDE BIZHRHLT
h; 1
L | <« —= 5
kj 0 5]{]_2 ()
%{Fﬁt?fﬁﬁﬁflo) - 1 (j=1,2,3,-- ) BDEFIELIZET
5.(4) 5
1 h; 1
— <L -9 1 _4 — 5
PR 0’{ 3 ()+Vﬁ} BI? (ﬂ@2+”f>
&b )
— 5
ﬁ<ﬁkj2+\f
b )]
1
< i = /5.
ﬂ_jggo(ﬂkjfr\/g) V3
L7285 T V5 ik (3) =T RADER L 25, O
References

[1] L. Niven, Diophantine Approzimations, Dover, 1963,
reprinted, 2008.

[2] 1. Niven, H. S. Zuckerman and H. L. Montgomery,
An Introduction to the Theory of Numbers, Willey,
5th edition, 1991.

(3] Mg, ARBCRAM, EEEE, 2011.

[4] L. E. Dickson, History of the Theory of Numbers,
Volume I, Divisibility and primality, Chelsea, 1966,
reprinted, Dover, 2005.



