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Euclidean Distance Degree of algebraic varieties

Abstract:

OFIRpHE 1, FHISEHE 2
Seikai Ashizawa, Miki Aoyagi

In this paper, we introduce the Euclidean Distance Degree (ED degree) of algebraic varieties, for analyzing the

complexity of fitting a variety, coming from a class of varieties, to a configuration of points in R™. The ED degree of a variety

is defined by the number of critical points of the squared distance to a general point outside the variety, which mesures the

algebraic complexity.

1. XL ®iz

AT, ZEREREO B EMME DR TH
% Euclidean Distance Degree (ED degree) # £#& 9 5. £
72, BlHEOEEVEONZE, HE5RBELREDT T
A5 Bl 78 Z R 2 R S A e EIZ @A U, ED degree
DRSO ZTDEMSIIDONTERT 5.

2. Euclidean Distance Degree (ED degree)

ED degree (%, general pointp € C" 2 5Z KV C C»
AND2FL—27 )y FHEMEBOERA MDA THS. R
LIZHIR U TEE L 56, EEAROMEBUL, 5Xon
7= PEREBI B DRI, RBORAE, BN DO 725, ZOfH
i, Z2HEARELECSWTOLRZZE Y, RENE
Mz 5L 5.

EEF1KA2EKREAZIZC LTS, 22— v NEEREER
D 2 T %

n

de(p,x) = Z(pi —z)2 K" x K" - K
i=1
Kﬁ%ﬁj—é I =< fl,"'fs > CR[.Z‘l,'“ ,l‘n] %%ﬁ’f%\‘
BLZHEATERZINATTILEL, X CC*2ZFDX
INERFE 25 A I T

Igng = I+ < ¢ x ¢ —minors of J(f) >

LBL ZIT, cBIDRRETI(f) FIDYILT
YATHITH D, BT, TE RS 771 e 5.
Ling \ZHIST % X ORFEAES Xong DHEZIRNT,
B A TT IV ERD &S ICEHT B,
) >> (ISing)oo
M

72 p € C" % general point £ 3§ 5. DK, ERHA T
TIVZHIET B RELRRRITEIC 0IRTTH D, FHRED

p—x

<I+<(c+1) X (¢+1)-minors of < 1)

EhoRE, TabE, TNSOLE, p2S X\ X
AD2Fa—2 Y v RIS ORI B,

GEH) 2 € X\ Xgng Z[EET S, VAT ATH J(f) 13,
p—a
J(f)
DREN 012705 xz DERIE, C" LORITLc L0dT 74
VKRB BRI B, /o T, R (1) DIED 0 £ 725 51
(2,p) € X x C" DHEEH 575 SREEIFITH D, K
TN THS. £oT, 2HHDRDIANDOHY 7 25 X
X, general point p € C" @ fiber 71 (p) 1% 0 ¥RJG, §
BHOLERMEDENSREZ W gn5b.  GEHKEDLD)

027 ¢’DT, (¢c+1) %X (¢c+ 1)-minors of

E% 3 (Euclidean Distance Degree) p € C" % general
point £ 5. BEFA T T IMIZHIET 2 REZ KD A R
il D ;L DEE % EDdegree(X) &9 5.

BlaTyh—h YU IDER) r <n<mEEDEHR
B l=nm&d5. X, Zrankr A FE 5, nxm
T RIRDELGTH 21T5E KL T 5. ZODIR,

)

GEBD) n x m DATH U LR FREDRIZONVTHE XS,

EDdegree(X,) = ( 2

Lins.

P:T1 -diag(ol,ag,-~-as) -T2

ZZToy>09> >0, 3 POFRM, £/, Ty B&
UT &, TN n xn {78l mxm {THOELITH
TTHb. ZOLE, TyH—b Y UIOERIZED,

P* _ Tl -diag(01,02," .0'7_’0’... 7O) .T2

&, PIZlREEWVWT V7 r DITHITH L. kD —RIC dp
DT RUE

Tldlag(ov 707Ui1a07"' 7070i27"' uo—i,woa"' 70)'T2'

I HREET - B (81 - 8% 2: HRELT - 8 - 8%

847



SHMIFE HAXFEIFE FMHFERTRE

ZZT, {in, i i <o <dp P XL s S
DEREBZALZELDOTHS. Zhid, nflD >S5 r %%
BIGEDOPE I FETL0T, RQ) »WELSNS.
(REBHFED D)
ZD &SI, WRETEHOEEX, Ty - YT
DR FAE ) R B 2 N TR ICEH AT RE T H 5.

EES(HELEE 2HA f3: R > R 2525, C
DLEADEEIE B e RF BT 22IHA LT 5. £z,
X CR" 22K fz DERT 514 T T IVIIHIGT 5%
ke 35, fzid, R"xRF LOZRKOESEEHL
TWa. p,eR"(i=1,---,m),p=(p1, -+ ,Pm) € R™"
35, BB MEOENIE, SAoNET—X pllH
LT, i f2RDBEIELTHD. $77bb, IRORX
TRINS.

3
st.ABERF st. 1 <Vi <m, fs(z;) =0

Z OB bEX, fz(z;) =0 %2WE729, p &bk
W € R™ PMFEET 2LHRIK Vs Z2PET HREE H W
Z%. Hl4aTlE, f5 3B FHOESTHS. EDdegree 13
T — X DA m THRAF U\, U U — I m 1ITRAF
THETHS.

T 6
Conm = {(z,8) € C™ x C*| fa(x;) = 0,1 <i < m}

% incidence 26K, ZDERRIK C,, . D ERTLHTE
7 Cmrtk o Cmr iz X B BORBMEAYE Hy, 2 L,
hypothesis ZFRIK & X &

H,p, o ® general point z = (21, ,2,,) \&, 5 g€ CF
PFELT, FED 2 i UT, fa(x;) =0 DAL T 5.

EZSIZBEWTHp DR B)DIEZ 01255751, B
ST p € Hpp THB. LHROEHDS Hypp 1E C™
Lo s oRBHETHE. EH S OREfEE RO
I} 5 7= b DNRBIAEHENE X, ZTOMIED SN-LIER
AT 5.

E% 7 SEDdegree(C,, ) %, $i¥ 7 12 koT Cmntk
B ER UL C™ EToOHEiEAWT, Cnp, D ED-
degree # €& T 5. T4bH, a,b € C™F HTD
it % deg(r(a),n(b)) THEAX 5. #>T, a # b TH
dp(n(a),m(0)) = 0I5 ZLHHb, ZOFERULEE
BB CH B, pe CITRL T, BT T TV
MOESITERIND.

(p,0) = (2,0)

(Icmm,+<(c+1)><(c+1)-minors of ( HCo)

)

(o0 )sing)™

2T, clkCmth ETo Gy, DRIRGG, Lo, EE
#6THEAONI O BUET B AR &> TERE
NBAFTNTHB. £z, J(Cnp) I, , YL
T UATHITH .

—#&\Z BEDdegree(Chy, ) & EDdegree(Hy, ) £ U
U570, BIZIZIROHIHNRH 5.

B8 m=3n=2&9%. 3&bb, C?LEIZ3HNEX
LN T D, fg=(v1—- 1)+ (v2—F2)* — B3, feC
EHL. ZDEE, 3IRE@LMIEZ—DUNMEEL R
WODT, Hyo=COThHY EDdegree(Hs2) =1 TH 5.
—74 BEDdegree(Cs2) =4 THh5. 3Rz@dHE, X

DEDE D73 DOMMBIET 5.

1: BEDdegree(C30) IZHRT 2 3 DD [1]

RDEBME D LD, 2 DEFIL BEDdegree(C, ) B
EDdegree(Hy, ) D EFRTHBZ L ZRLTWS. FEEE,
Hpn, DEGFSRDY Cypy y DEESER DT EAITIRS.

EHE9

EDdegree(Hp, n) < SEDdegree(Chy,. )

3. BTk

[1] Oliver Géfvert:”Computational complexity of learning
algebraic varieties,” Advances in Applied Mathematics,
Elsevier, vol.121, p.1-26 (2020)

https://doi.org/10.1016/j.aam.2020.102100

[2] Jan Draisma, Emil Horobet,, Giorgio Ottaviani, Bernd
Sturmfels and Rekha R. Thomas:” The Euclidean Dis-
tance Degree of an Algebraic Variety ”, Foundations
of Computational Mathematics, Springer, vol.16, p.99—
149 (2016)

848



