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Linear forms in logarithms giving a lower bound of gaps among distinct perfect powers
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Abstract: In this article, we show how efficient in number theory, so-called the linear forms in logarithms. We demonstrate

examples where the linear forms in logarithms play crucial roles, in particular, to solve exponential Diophantine equations,

giving a lower bound of gaps among distinct perfect powers. We discuss related open problems.

1. X ®IZ

AFICBWTIIEBEC BT 2IRENFIED—DOTH 2
KR T BT 447 7 > M RELEHBNT 5.
T —REROBEHIC L > TER BB FHDOEET
D HEHS % 2 &2, FERA R O KR ERIEICIER T 5
HIEN, BH# T 2 RBIRTEE AN D,

2. BRI 4 &7 7 v b AR
T3 Nl DORMBRTREEZRRE S .

F48 1 (Pillai T8, 1945).

a,b,k € Z—{0} Z[EET 5. RHEZ x,y,m,n € Z,x >
2,y>2,m>3,n>2DHPATEZRS. 2O HER

ax™ —by" =k )

DEEHE (2, y,m,n) € Z* W XHRMECIR 3.

EFEIE S. S. Pillai 1T & 2 FAETH % 23, B RUITBWT
BRI TH 2. a=b=k=1DFHAEIZIZE. Catalan I
& o T 1844 FITIRIE X N7z, Catalan AR FEIZNL S b D
T& D, P. Mihiilescu [4] 2352 RIZAFH L 7=.

EIE 1 (Mihiilescu, 2004).

KAEE z,y,m,n €Z,x>3,y>2,m>2,n>20DH
PITCEZS. 20k = HERX

™=yt =1
DEERIRZL (x,y,m,n) = (3,2,2,3) D 1 {EICIR 3.

FER, 3228 =1 THB. 1272 LBEE (m,n,x,y) € Z*
DERETH 2 2 & TR, ME—XIERX % HWT 1976
4£1Z R. Tijdeman 233FHH L TW 5 (M. Langevin I & 2 515
TlE max{z™,y"} < expexpexpexp(730) £ THI SN T
W), B k> 2 EBFEELESEOER 2™ -yt =k
DD ERRIER KRR T D % 1%, B2 BT MbFE
FRRICHEMT 2D0E 00N HTHS Z e 2EKT 5.

FHENIBWTIEZ =3,y =2 ZRELRZDdDD, X
DEH2TH 5.

EH 2 (LeVeque, 1952).
REEE m,n € Z,m > 2,n > 2 D&IPATE 2 7= 512K

3m 2" =1
D (m,n) = (2,3) IZIR 3.
TEH 20— LT d 2 @M 4% RENTRR, Z DFFE%
W —TEXZ AN TR
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I8 3 e R IEH O ML), [1, Theorem 3.1]
£TD Vm,n S Z21 c:;ﬁl‘ LT,

|2m _ 3n| > 2m(e . m)78.4<108
DD LD,
PR DEHS I — I ) & VT, B3 Z RS % .

Proof.
SEn>28 35 B m,m %

2 < g < gl
3" — 27| = min{3" — 2™, 2™ +1 _ 3"}
2T LI R. 2D EmiEm/ m +1DYES
MEFELLIRD, RB»D

|2m — 3" < 2™,
2)
(m—1)log2 < nlog3 < (m+1)log2
MPRDIUDZERRTIENTES. m > n EIREL,
A=3".27m _1¥BL. a1 =3, A1 =3,a9 =2, Ay = 2
W0 UCTERS 2 - viug,
log |A] > —30° - 211/2(log 2)(log 3) (log(e - m))

AL > (e m) 8410
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TEH3MHEL ZrDTELH L LTEMAEBNT 5.

EIR 4 88T 4 7 7 >~ b ZFZR). [1, Theorem 3.2]
KA E m,n € Z,m > 4,n > 2 OHIPFHTE 2 = FER

|27 — 37| < 20 3)

DRZ (m,n) = (6,4),(8,5) IR 3.

FERE, 126 — 3% = 17,28 - 3°| = 13 TH 5. EH 41X
RIETDEH 2045k TH 2. Z OAEHICIZE BT 5
A. M. Legendre DEHZ HW5.

##i8 1 (Legendre). [5, Theorem 5C
EERETR. 2D ERER
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p
’5_ (J‘ 2¢>

BT § cQpqgel,g>0mDq¥ plEHVICE)
W& & DIFERAIBESEREBNCHRN 2 0 B8 7 5.
ZOME 12 FHWT NICEH 4% 3T 5.

Proof.
K@) &I mneZn>61XtL, EH3NG

log 20 > m -log2 — 8.4 - 10%(1 4 log m)
b, m<4-1010TH 3.
K@) &b,

(m+1)-log2

< 3-10%
log 3

2185, 7, |2] < % BTz e RISHLT,
|log(1 + z)| < 2[x|

THs2enr5,AB) &

log3 m

< 40
~ nlog?2

—n

4
log2 n @

YERTE S,

n>6 X0k @) O < # CHD GEoTHE LD
% cQlde= Eii DEMIBI S, B, n< N =
3-1010 T LT, M RE 3 2 4 [5, Chap 1, §5] 205
|m — né&| DRMEIZ I ED N K5I 5 £ T € DB
BHZBRDIELZ L Z0RBOEMSETHEET

log 3
o8 —% >0.6-10718 (0 < n < 3-1010)

(&)

log 2
RIS K@ e G) Z2HET D8 n <360

BoN2. 6<n<36ITBIZEELSL,n>60D8 X
Q) WWEBHIRIIFEEL W I E2ES. O
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4. ME—XIEA

REHE 0 € Q DI/ NZIHA e U CBEUR D, 5k
ZIHNICRZ D DDAE X 5. R/INZHNXDRE IR %
ag £ 3F. LURIZ logarithmic height # E#$ 5.

E % 1 (logarithmic height). Q EDXE d DRI o €

QITHL 1 d

h(a) = p log (|a0| H max{1, |a(k)|})
k=1

% a D logarithmic height ¥ \W5. ZZTa® ZadQ L
DETOHFZTLL TS (k=1,...,d).

5. X — X
A. Baker IZ & DRFFH X 7z E M2 DI RICBN 5.
TEIE 5 (A. Baker). [1, Theorem 2.2]n € Z (n > 1), a1, ,
eQ\{0},D=[Q(ay, - ,an) : Q¥BL A, -, A %
log A; > max{h(q;), |loga;|/D,0.16/D} (1 < j < n)
27T FEE T3 (h(ay) 1E o D logarithmic height).

by, -+ by € ZITHL,
B = max{|bi|,--- , |bnl},

B"” = max{1, max{|b;|log A;/log A,, (1 < j <n)}}

rBL.Zoex 10g|o/{1 ...a%n —1
> —3- 30n+4(n + 1;5.5Dn+2

x log(eD)log Ay - - -log A,, log(enB) (6)
DD D. FRZn>2, a1, ,a0, ERDYE E
log [l .- abr — 1| > —2. 307345 D2
x log(eD)log A; - - -log A, log(eB). 7

6. THRDME
I RNR IS D —fRIAD BN TR TE D 2 8D,
FIEENRES DB LI — KX Z IO L 72w,
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